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 In J , Jones used the Markov traces on the Hecke algebras of type A to
construct the knot invariants. Motivated by Jones’s work, Lambropoulou
 L introduced the Markov traces on the cyclotomic Hecke algebras of type
Ž . Ž   .G m, 1, r see GL for the case m 2 . Since any linear trace function
can be expressed as a linear combination of the irreducible characters,
where the coefficients are called weights, it is natural to ask how to
determine the weights of the Markov traces.
 In W1 , Wenzl proved that the weights of the Markov traces on the
Ž .Hecke algebras of type A i.e., m 1 can be expressed via Schur
Ž Ž ..  functions see 3.3 . In O , Orellana proved that there is an epimorphism
Ž .from the Hecke algebra of type B i.e., m 2 with special parameters to
some reduced algebra of a type-A Hecke algebra. This enabled her to use
Wenzl’s result to determine the weights of the Markov traces on type-B
 Hecke algebras. In I , Iancu gave a conjecture about the general weight
formulas of the type-B Hecke algebras.
The main purpose of this paper is to determine the weights of the
Ž .Markov traces on the cyclotomic Hecke algebras of type G m, 1, r ,
  generalizing the results in O . Our arguments are based on those in loc.
cit . However, we will not use the results on Jones basic construction.
The content of this paper is organized as follows. In Section 1, we collect
some of the results on type-A Hecke algebras. We discuss the cyclotomic
Hecke algebras in Section 2. The main result of this section is the
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existence of the epimorphism from a cyclotomic Hecke algebra with
special parameters to some reduced Hecke algebra of type A. We deter-
mine the weights of the Markov traces on the cyclotomic Hecke algebras
in Section 3.
After the paper was completed, the author was kindly informed that
  Ž .Geck et al. GIM independently obtained results similar to 3.12 . More-
over, they extended them to general choices of parameters.
1. HECKE ALGEBRA OF TYPE Ar1
In this section, we collect some of the results on the Hecke algebras of
type A.
Let  be the symmetry group on r letters. Let  be the complex fieldr
with nonzero element q. The Hecke algebra H associated to  is anr r
associative algebra over  with generators T subject to the conditionsi
1 T  q T  1  0, 1	 i	 r 1,Ž . Ž . Ž .i i
2 T T T  T T T , 1	 i	 r 2, 1.1Ž . Ž .i i1 i i1 i i1
3 T T  T T , 1	 i j 1	 r 2.Ž . i j j i
Ž .Let e q   be the minimal integer n such that
1 q q n1 0. 1.2Ž .
Ž .If such an integer n does not exist, then set e q . It is known that
Ž .H is semisimple if and only if e q  r.r
Ž .From here onward, we always assume that e q  since we are
interested in the semisimple Hecke algebras.
Ž .The nonisomorphic simple H -modules V are indexed by the set  rr 
Žof partitions of r say a weakly decreasing sequence of nonnegative
Ž .   .integers   ,  , . . . is a partition of r if  Ý   r . There are1 2 i i
Ž several ways to construct the simple H -modules see, e.g., KL, DJ, andr
.  M . In this paper, we recall the construction of V due to Wenzl in W1 .
Ž . Ž .For each  r , one can identify  with the Young diagram Y  ,
which consists of boxes arranged in a manner as illustrated by the example
Ž . 3, 2 for which we have
  Y   .Ž .  
A  tableau t is obtained by replacing each box with one of the numbers
1, 2, . . . , r, allowing no repeats. The -tableau t is called standard if the
sŽ .entries are increasing along each row and each column. Let T  be the
set of all standard -tableaux.
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Ž .For each number i, 1	 i	 r, let c t, i  j k if i is in the jth column
sŽ . Ž . Ž . Ž .and k th row of t T  . Let d i 1, i  c t, i 1  c t, i . Then V is
sŽ .a vector space over  with basis  , t T  , and the action of T ,t i
1	 i	 r 1, is given as
T   a q   c q  , 1.3Ž . Ž . Ž .i t d t d s ti
Ž . Ž . dŽ . d Ž . Ž d1.where d d i 1, i , a q  q 1 q 1 q , c q  1 qd d
Ž d1.412Ž d .11 q 1 q , and s t is the tableau obtained from t by switch-i
ing i and i 1. It is easy to see that s t is not standard only if i, i 1 arei
either in the same column or in the same row of t. However, d1 and
c  0 in this case.d
2 Ž . rLet T  T  T . The full-twist element   T is in the centerr , 1 r1 1 r r , 1
  2of H . In W2, 3.2.1 , Wenzl proved that  acts on V as the scalar c andr r  
c  q r Ž r1.Ý i jŽ i1 . j for   ,  , . . .  r . 1.4Ž . Ž . Ž . 1 2
sŽ .  Ž .For each standard -tableau t T  , Wenzl W1, 2.7 introduced a
minimal idempotent p  H , called the path idempotent with respect to t.t r
Let z be the minimal central idempotent of H with respect to V . Let t be r 
the standard tableau obtained from t by removing the box containing r.
Then
p  1 and p  z p . 1.5Ž .1 t  t
 It is proved in W1, Corollary 2.3 that
p p   p for any s, t T s  ,  r . 1.6Ž . Ž . Ž .s t st s
sŽ . Ž .For t T 	 , 	 r , the subalgebra p H p of H is calledt rf t fr
 the reduced algebra of H with respect to t in O . It is known thatr f
Ž p H p is semisimple if H is semisimple see, e.g., Ma, Chap. 1,t rf t fr
. Ž .Example 12 . Let V ,  f r , be the simple H -module defined fr
Ž  Ž ..as above. Using the ordinary branching rule see, e.g., W1, 2.6 for V
Ž .and 1.5 , one will see immediately that
p V  0 unless 	
 . 1.7Ž .t 
Recall that, for two partitions , 	, we write 	
  and say 	 is contained
sŽ .in  if 	 	  for every i. Suppose 	
 . Say s T  containsi i
sŽ .t T 	 if t is obtained from s by dropping the boxes containing
    Ž . Ž .	  1, . . . ,  . By 1.3 and 1.5 ,
 , t
 s,sp   1.8Ž .t s ½ 0, otherwise.
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Thus,
p V is spanned by  , where s are standard -tableaux containing t.t  s
1.9Ž .
The complete set of nonisomorphic simple p H p -modules is p V ,t fr t t 
Ž .  f r , with 	
 . This follows directly from Ma, Chap. 1,
Example 12 .
Ž .2. CYCLOTOMIC HECKE ALGEBRA OF TYPE G m, 1, r
Ž .Let W m  be the wreath product of the cyclic group ofr
order m and the symmetric group  . Then W is not a Coxeter groupr
except for m 1, 2. Let  be the complex field with nonzero elements
 q, u , . . . , u . The cyclotomic Hecke algebra H associated to W AK, BM1 m r
is an associative algebra over  with generators T , T , . . . , T subject to0 1 r1
the conditions
1 T  u  T  u  0Ž . Ž . Ž .0 1 0 m
2 T T T T  T T T T ,Ž . 0 1 0 1 1 0 1 0
3 T  q T  1  0, 1	 i	 r 1, 2.1Ž . Ž . Ž . Ž .i i
4 T T T  T T T , 1	 i	 r 2,Ž . i i1 i i1 i i1
5 T T  T T , 1	 i j 1	 r 2.Ž . i j j i
Ž .It is known that H is the Hecke algebra of type A see Section 1 , resp.r r1
B , if m 1, resp. m 2, and u Q, u 1. Also, when q 1 andr 1 2
u  
 i where 
 is the primitive mth root of unity, H is the group algebrai r
Ž .of the complex reflection group of type G m, 1, r over .
   Remark. In AK and BM , H was defined over arbitrary commutativer
ring R without the assumption u1  R. Since the main purpose of thisi
paper is to study the Markov traces on cyclotomic Hecke algebras over
1 Ž the complex field , we have to add the assumption u  see L,i
.Section 4 .
We can assume u 1 without loss of any generality since we get anm
algebra with parameters q,u u1, . . . ,u u1,1, which is isomor-1 m m1 m
Ž .phic to the original one if we replace T with u T in 2.1 . Let0 m 0
m1 m r1
kf  u q  u . 2.2Ž .Ž .Ł Ł Łm , r i j
i1 ji1 k1r
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Ž . Ž .Let e q   be defined as in 1.2 . The following result is the special case
   Ž .of the main theorem of A1 . See also DR1, 5.2
Ž .2.3 Criterion of Semisimplicity. Let H be the cyclotomic Hecke alge-r
Ž . 1bra of type G m, 1, r over the field  with parameters q, q , u , ii
Ž .1, . . . , m. Then H is semisimple if and only if f  0 and e q  r.r m , r
Ž .From here onwards, we always assume f  0 and e q , whichm , r
says that H is semisimple.r
˜Fix positive integers l, n with l r and n  r, 1	 i	m 1. Let Hi i r
be the cyclotomic Hecke algebra with nonzero parameters q, u , 1	 i	m,˜i
Ž .such that e q  and
u qŽmi. lÝm 1j i n j , i 1, . . . , m 1, and u 1. 2.4Ž .˜ ˜i m
k Ž .If j i, then u q  u  0 since j i l n  n  k 0 for˜ ˜i j i j1
Ž .any 1 r	 k	 r 1 and e q . Thus f  0, and consequentlym , r
H˜ is semisimple.r
The main result of this section is that there is a surjective algebraic
˜homomorphism from H to a certain reduced algebra of the Hecke algebrar
˜of type A. A by product is a construction of simple H -modules. The resultr
 for m 2 is due to Orellana O, Section 3 . We point out that the simple
 H -modules over an arbitrary field have been classified in AK, DJM forr
   the semisimple case, in DR2 under the assumption f  0, and in A2m , r
in general.
We need some notation. Denote
 m 1 l , . . . , m 1 l , . . . , l , . . . , l . 2.5Ž . Ž . Ž .ž /  
nm1n1
Ž . m1 Ž . Ž .Then  f , fÝ n m i l. Let  f r with 
 .i1 i
The set difference   is known as the skew diagram  . One can
Ž Ž1. Ž2. Žm..identify   with a sequence of partitions   ,  , . . . ,  , called
a multipartition or an m-partition of r. Since n  r, 1	 i	m 1, thei
Ž i. Žlength of the partition  is strictly less than n say n is the length of  ifi
.n is the maximal index i with   0 . So there is a bijection between thei
 ˜Ž . Ž .set  r of all m-partitions of r and the set  f r of all partitions ofm
˜Ž . Žf r, which contain  defined as in 2.5 . More explicitly, for  fm
. Ž .r there is a unique  r determined uniquely by the skew diagramm
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  , such that
˜ Ž1. Ž1. Žm. Žm.  m 1 l  , . . . , m 1 l  , . . . ,  , . . . ,  .Ž . Ž .1 n 1 nž /1 m     
n n1 m 2.6Ž .
Here n is part of the Žm.. Recall that  can be identified with 	 if 	 ism
obtained from  by adding or deleting some zeroes at the end of . For
Ž . Ž . Ž . Ž .example, 2, 0 can be identified with 2 and 2, 0, 0 , etc. So, 2.6 is valid
Ž .for all  r .m
  Let t be the standard -tableau in which the numbers 1, . . . ,  appear
in order along successive columns. For example,
1 2 3t  , if  32 .Ž .4 5
˜ Ž i.Ž .Let  1 f . Since 
 ,   , 1	 i	m, where
Ž i. ˜   1 and 1  0 , . . . , 0 , 1 , 0 , . . . , 0  1 .Ž . Ž . Ž . Ž . Ž . Ž .Ž .i i i m
2.7Ž .
Ž . 2.8 THEOREM. Keep the notations aboe. Let t t , where  is de-
Ž .fined as in 2.5 .
˜Ž .1 There is an epimorphism  : H  p H p subject to the condi-f , r r t rf t
tions
 1  p ,Ž .f , r t
c 2 2 T  p   ,Ž .f , r 0 t f f1c Žm.
 T  p T , i 1, . . . , r 1.Ž .f , r i t if
 ˜Ž . Ž .2 For each  r , p V is a simple H -module and the set˜m t  r
 ˜ Ž .4p V   r forms the complete set of nonisomorphic H -modules.˜t  m r
Ž . Ž .Proof. The proof of 2 will be included in the proof of 1 . To show
that  is a homomorphism of an algebra, we only need to verify the mapf , r
Ž Ž .. preserving the defining relations 2.1 15 . Since p  H , it com-f , r t f
Ž Ž ..mutes with T for i 1, and the relations 2.1 35 follows. On theif
other hand, the full-twist element 2 is in the center of H and 22f f f f1
Ž . T T . So 2.1 2 follows easily from the braid relations given inf1, 1 1, f1
Ž Ž .. Ž .1.1 23 . We claim that  T  p H p acts on the simplef , r 0 t f1 t
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p H p -modules p V Ž i.
 V Ž i., 1	 i	m, as scalar u , 1	 i	m. Be-˜t f1 t t   i
cause p is the identity element in the reduced algebra p H p , the claimt t rf t
m Ž Ž . . Ž .implies Ł  T  u p  0, proving 2.1 1 .˜i1 f , r 0 i t
Ž . Ž . 2Ž i. Ž i.By 1.3  1.4 and the ordinary branching rule for V ,  acts on p V f t 
Ž . Ž i. Ž i. Žm .as scalar c . So,  T acts on p V as the scalar c c . A direct f , r 0 t   
computation shows that
c Ž i. Žmi. lÝm 1j i n ju q , if im ,˜ i  2.9Ž .½Žm .c u 1, if im ,˜ m
˜proving our claim. Obviously, each p H p -module is an H -module. Int fr t r
˜ Ž .particular, p V is an H -module, too. If 2 holds, then  is surjective by˜t  r f , r
comparing the dimensions of im  and p H p via the Wedderburnf , r t fr t
Theorem for a finite-dimensional semisimple algebra over a field.
Ž . Ž .Now, we prove 2 by induction on r. Assume r 1. Since e q ,
Ž Ž .. Ž i. Ž .u  u , for any 1	 i j	m see 2.4 , and p V  p V , i j. Since˜ ˜i j t  t  j
there is only one standard  Ž i.-tableau containing t, dim p V Ž i. 1. Byt 
˜ m 2 Ž . Ž .Ž i.AK, 3.10 , dim H mÝ dim p V . By the Wedderburn Theo-1 i1 t 
˜ 4Ž i.rem, p V  i 1, . . . , m forms the complete set of nonisomorphic H -t  1
modules.
In order to deal with the case r 1, we need the notion of a standard
Ž . Ž .-tableau for  r . Say a sequence of tableaux u u , . . . , u is am 1 m
Ž Ž1. Žm.. Ž .-tableau for   , . . . ,   r if it is obtained from the se-m
Ž . Ž Ž Ž1.. Ž Žm...quence of the Young diagrams Y   Y  , . . . , Y  by replac-
m  Ž i. ing each box with one of the numbers 1, 2, . . . , Ý  , allowing noi1
repeats. Such a tableau u is called standard if the numbers appear to
be increasing along each column and each row of each subtableau u , 1	i
i	m.
s ˜ Ž .Let s T  with t  t
 s. If we replace the entry a in the skew
tableau s t by a f , one will get a standard -tableau and vice versa. In
s ˜ s s ˜ s ˜Ž . Ž . Ž .  Ž .4particular, T  T  , where T   s t  s T  .
 Ž .  Ž .By AK, 3.10 or DJM, 3.30 ,
22s˜dim H T   dim p V . 2.10Ž . Ž .Ž .˜Ý Ý t 
 Ž . Ž . r  rm m
Ž .Now, the case r 1 follows from 2.10 and the Wedderburn Theorem
Ž . Ž .together with the results a and b which follow.
Ž . Ž .a p V  p V , for any  ,   r with   .˜ ˜t  t  1 m 11
Ž . Ž .b For each  r , p V is simple.˜t 
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Using the ordinary branching rule for V , we have˜
p V  p V 2.11Ž .˜ t  t ˜
	
where  ranges over all m-partitions of r f 1, which are obtained
Ž Ž1. Žm.. Ž Ž i..from   , . . . ,  by deleting one box  from some Y  , 1	 i

	m. In this case, we write   .
Ž .If   ,  ,   r , then p V  p V since they have different˜ ˜1 1 m t  t  1˜decompositions of H -modules.r1

Let  be an m-partition of r 1 with   . If such a  is unique,
˜Ž .then 2.11 forces p V to be a simple H -module. It must be a simple˜t  r1
H˜ -module, too. Suppose that the m-partition  is not unique. Let W be ar
˜ ˜H -submodule of p V . Then W contains a simple H -module V . Let˜r t  fr1 
 ˜Ž .  r 1 with  and    . Take a standard -tableau t1 m 1 1
such that r f 1, resp. r f , is in the box  , resp. . Obviously, r f
and r f 1 are neither in the same row nor in the same column. So,
Ž . Ž .d d i 1, i 1 and c  0. By 1.3 ,d
 T   a q   c q  W .Ž . Ž . Ž .r , f r1 t d t d s tr f1
So,  W p V W, forcing W p V .˜s t t  t r f1 1
3. WEIGHTS OF THE MARKOV TRACES
In this section we determine the weights of the Markov traces on the
˜Ž .cyclotomic Hecke algebras H . Let H resp. H be the semisimpler r r
Ž .cyclotomic Hecke algebra of type G m, 1, r over the complex field 
Ž Ž ..resp., with special parameters q, u , i 1, . . . , m given in 2.4 . Then the˜i
˜ ˜Ž . Ž .algebra H resp. H can be embedded naturally into H resp. H .r1 r1 r r
 ˜  ˜Let H H and H H .r1 r r1 r
Ž .   Ž 1 1.3.1 THEOREM L, Theorem 6 . Gien z, s   q, u , . . . , uk 1 m
with 0 	 k 	 m  1. Then there is a linear function tr: H 
Ž 1 1 1 . q , u , . . . , u , z, s , 0	 k	m, determined uniquely by the rules1 m k
1 tr ab  tr ba , for a, bH ,Ž . Ž . Ž . r
2 tr 1  1, for all H ,Ž . Ž . r
3 tr aT  z tr a , for aH ,Ž . Ž . Ž .r r
4 tr at k  s tr a , for aH , 0	 k	m 1,Ž . Ž .Ž .r k r
where t k T T kT1 .r r1, 1 0 r1, 1
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As mentioned in Section 2, we can assume u 1. If one hopes to getm
the formula involving u with u 1, one should use u1 u tom m m i
replace u .i
The trace function defined above is known as the Markov trace on H
with respect to the parameters z, s , 0	 k	m 1. Note that any lineark
trace function on a finite-dimensional algebra is a linear combination of
the irreducible characters, where the coefficients are called the weights. By
 Ž .  Ž .AK, 3.10 or DJM, 3.30 ,
tr  x     x , for xH , 3.2Ž . Ž . Ž .ÝH  rr
Ž . rm
where   is the character of the irreducible representation  of H r
Ž .indexed by the m-partition  r . In fact, since the construction ofm
simple H -modules is independent of the value q, u , . . . , u under ther 1 m
Ž . Ž  Ž .  Ž ..assumption 2.3 see, e.g., DJM, 3.30 or DR2, 2.1 , we can assume
that  corresponds to p V when u  u , 1	 i	m.˜˜ t  i i
Now, we recall some of the results on the Markov trace, which is defined
 on the Hecke algebras of type A. In W1, Theorem 3.6 , Wenzl computed
Ž .the weight w for  r when H is the Hecke algebra of type A r r1
nŽ . Ž n.and z q 1 q  1 q , n. More explicitly,
s 1, q , . . . , q n1Ž .
  s  ,  , n  n1s 1, q , . . . , qŽ .1
3.3Ž .
 jii j1 qlŽ.n1 Ý Ž i1.i1 is 1, q , . . . , q  q  ,Ž . Ł ji1 q1	ij	n
  Ž . Žwhere s is the Schur function Mc and l  is the length of  i.e., the
.  maximal index with   0 . It is proved in W1, Lemma 3.5 thatlŽ.
s  0, for l   n.Ž ., n
Ž . sŽ . Ž .By 1.8 , p     for any s T  . Thus  p   andt s t, s s t , 
tr p  tr  p  w  s . 3.4Ž . Ž . Ž .t H t   , nf
In order to get the nonzero element s , we have to assume nÝm1 n , n i1 i
Ž . m1 Ž Ž ..since l  Ý n see 2.5 . Consider the linear functioni1 i
tr xŽ .
tr x  , x p H p , 3.5Ž . Ž .p t rf tt tr pŽ .t
Ž . where tr is the Markov trace on H H with respect to ther1 r
nŽ . Ž n.parameter z q 1 q  1 q . Note that p is the identity element int
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Ž .p H p . Since tr is the Markov trace on H, one can verify easily thatt rf t
Ž . tr defined as in 3.5 is the trace function on  p H p , whichp i1 t rf tt ˜Ž Ž .. Ž . Ž .satisfies 3.1 14 . Using 3.3  3.5 , the weight with respect to  is
s s .˜ , n  , n
From here onward, we always assume that
n n  n  n with n  r , 1	 i	m 1, n .1 2 m i m
Ž .Since  is an epimorphism, the trace tr defined as in 3.5 results in af , r p t˜Ž .linear function tr on H,
˜tr  x  tr  x , xH . 3.6Ž . Ž . Ž .Ž .H˜ p r , f rr t
Ž .3.7 THEOREM. Keep the notation aboe.
˜Ž . Ž .1 tr is the Marko trace on H with respect to the parameters
nŽ . Ž n. mz q 1 q  1 q , with nÝ n , n  r, 1	 i	m 1, n ,i1 i i m
Ž k .and s  tr T , 0	 k	m 1.k 0
Ž . Ž .2 Let  be the partition defined as in 2.5 . Then
s˜ , n tr  x   x .Ž . Ž .˜ ÝH r s  , nŽ . rm
Ž .Proof. As mentioned below 3.5 , the trace function tr defined onp t nŽp H p is the Markov trace with respect to the parameter z q 1t fr t
n ˜. Ž . Ž . Ž Ž ..q  1 q . So, tr defined on H satisfies the conditions 3.1 13 . By
Ž Ž ..2.8 2 ,
tr  x     x  tr  x ,Ž . Ž . Ž .Ž .˜ ÝH  p r , fr t
Ž . rm
where   is the irreducible character with respect to the simple module
p V . So,   s s . We claim that˜ ˜t    , n  , n
k 1tr p T p T T T TŽ .ž /t w t fr1, f1 f1, 1 1, f1 fr1, f1
k tr p T p tr p T T , w . 3.8Ž . Ž .Ž .ž /p t w t t f1, 1 1, f1 frt
Ž .It is easy to see that 3.8 holds if w e, where e is the identity element in
Ž . Ž . Ž . . Suppose l w  1, where l w is the length of w. We prove 3.8 byr f
Ž .induction on r and l w .
Suppose r 1. Since z is the minimal central idempotent with respect
to the irreducible representation of H indexed by  , z H z f  f 
Ž . Ž .End z H  and z H z  z . By 1.5 ,H  f  f  f
p H p  p . 3.9Ž .t f t t
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Ž .  Ž . Ž .If l w  1, then w s , 1	 i	 f. By W1, 2.3e and 3.9 , p T p  cpi t w t t
Ž . Ž .for some c, forcing 3.8 to hold. Suppose l w  1. Then w s x,i, f1
Ž . Ž . Ž .where x with l w  l s  l x . The case i f 1 followsf i, f1
Ž .from 3.9 since T  H . If i f 1, thenw f
k 1tr p T T p T T T TŽ .ž /t i , f1 x t f1 f1, 1 1, f1 f1
k1 tr p T T T T T p T T by 3.1 1 , 2.1 5Ž . Ž .Ž .t i , f f1 f f1 x t f1, 1 1, f1ž /
k1 tr p T T T T T p T T by 2.1 4Ž .Ž .t i , f f f1 f x t f1, 1 1, f1ž /
k z tr p T T p T T by 3.1 3 , 3.1 1Ž . Ž .Ž .ž /t i , f x t f1, 1 1, f1
k z tr p T T p tr p T T by 3.9Ž .Ž . Ž .ž /p t i , f x t t f1, 1 1, f1t
k tr p T p tr p T T by 3.1 3 , w s x .Ž . Ž .Ž .ž /p t w t t f1, 1 1, f1 i , f1t
Ž . Ž .This completes the proof of 3.8 for r 1. Suppose r 1 and l w  1.
Ž . Ž . Ž .Then w s x, where x with l w  l s  l x . If i fi, fr fr1 i, fr
 r, then T  H andw fr1
k 1tr p T p T T T TŽ .ž /t w t fr1, f1 f1, 1 1, f1 fr1, f1
k 1 tr p T p T T T T by 3.1 1 , 2.1 5Ž . Ž .Ž .ž /t w t fr , f1 f1, 1 1, f1 fr , f1
k tr p T p tr p T T by induction assumption.Ž . Ž .ž /p t w t t f1, 1 1, f1t
Suppose i r f. We have
k 1 1tr p T T p T T T T T TŽ .ž /t i , fr x t rf fr , f1 f1, 1 1, f1 fr , f1 rf
k1 1 tr p T T T T T p T T T TŽ .t i , fr1 fr fr1 fr x t fr , f1 f1, 1 1, f1 fr , f1ž /
k1 1 tr p T T T T T p T T T TŽ .t i , fr1 fr1 fr fr1 x t fr , f1 f1, 1 1, f1 fr , f1ž /
k 1 z tr p T T p T T T TŽ .ž /t i , fr1 x t fr , f1 f1, 1 1, f1 fr , f1
k z tr p T T p tr p T TŽ . Ž .ž /p t i , fr1 x t t f1, 1 1, f1t
by the induction assumption
k tr p T p tr p T T by 3.1 3 .Ž . Ž .Ž .ž /p t w t t f1, 1 1, f1t
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˜Ž . Ž .This completes the proof of 3.8 . For any hH ,  h  p H p .r f , r t fr t
 4 Ž .Since T  w forms a -base of H , by 3.8 , we havew fr fr
k 1tr  h T T T TŽ . Ž .ž /r , f fr1, f1 f1, 1 1, f1 fr1, f1
k tr  h tr p T T .Ž . Ž .Ž . ž /p r , f t f1, 1 1, f1t
 k ˜Ž . Ž . Ž . Ž .By 3.6 , we have tr ht  s tr h for any hH , proving 3.1 4 .r k r
Suppose u q k i j u  0, for 1	 i j	m and 1 n 	 k 	 n  1,i j i i j j
Ž Ž1. Žm.. Ž .and n  r, 1	 i	m 1. For any   , . . . ,   r , let m i m i
lŽŽ i..Ž . Ž i. mÝ j 1  and nÝ n . Letj1 j i1 i
r Ž i. Ž i.  kjm j k1 q 1 qmÝ mi1 iW q , u , . . . , u  qŽ . Ł Ł 1 m n kjž /1 q 1 qi1 1	jk	ni
n Ž i. Ž j.n  k  lj k li u q  u qi j
 .Ł Ł Ł k lu q  u q1	ij	m k1 l1 i j
Ž . kIt is easy to see that W q, u , . . . , u is a rational function with u q  1 m i
u ql  0 for all 1	 i j	m, 1	 k	 n , and 1	 l	 n .j i j
Ž .3.12 THEOREM. Let n  with n  r, 1	 i	m 1, and let ni i
Ž .Ý n . Define tr : H to be the linear function withi i
tr  x  W   x for any xH .Ž . Ž .ÝH  rr
Ž . rm
Ž . nŽThen tr is the Marko trace on H with respect to the parameters z q 1
. Ž n. Ž k . q  1 q , and s  tr T , 0	 k	m 1, wherek 0
n n ni j1 q u  u qj iks  u . 3.13Ž .Ý Łk i n1 q u  uji , 1	j	m j ii1
Proof. Since   is a trace function on H , it is easy to see that tr r H r
Ž . Ž Ž ..satisfies 3.1 1 . However, when u  u , i 1, . . . , m see 2.4 , tr turns˜i i
˜out to be the Markov trace function on H with respect to the parameters
Ž k . Ž .z, s  tr T . A direct computation shows that W q, u , . . . , u   .˜ ˜k 0  1 m 
Ž Ž ..Now we prove that 3.1 24 holds.
Ž .Let F q, u , . . . , u be a polynomial in indeterminate q, u , . . . , u .1 m1 1 m
Ž . Ž .We claim that F q, u , . . . , u 	 0 if F q, u , . . . , u  0 for all u ,˜ ˜ ˜1 m1 1 m1 i
1	 i	m 1. In fact, we write
F q , u , . . . , u  f q , u , . . . , u ui ,Ž . Ž .Ý1 m1 i 1 m2 m1
i
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Ž .where f q, u , . . . , u is a polynomial in indeterminates q, u , . . . , u .i 1 m2 1 m2
Ž .We hope to prove that f q, u , . . . , u 	 0. Fix u  u , 1	 i	m 2.˜i 1 m2 i i
Ž . Ž . iThen F q, u , . . . , u Ý f q, u , . . . , u u  0. By the identity˜ ˜ ˜ ˜ ˜1 m1 i i 1 m2 m1
Ž . Ž .theorem, F q, u , . . . , u , u 	 0. So, f q, u , . . . , u  0. By in-˜ ˜ ˜ ˜1 m2 m1 i 1 m2
Ž .duction, we have f q, u , . . . , u  0. Now, consider the functioni 1 m2
Ž .Ž . tr 1 q, u , . . . , u  1. Since W and  are analytic rational func-1 m1 
Ž . Ž . Ž .tions, tr x  F q, u , . . . , u G q, u , . . . , u for some polynomialsx 1 m x 1 m
Ž . Ž .F q, u , . . . , u and G q, u , . . . , u depending on x such thatx 1 m x 1 m
˜Ž . Ž .Ž .G q, u , . . . , u  0. Since tr x q, u , . . . , u is the Markov trace on H,˜ ˜x 1 m 1 m
Ž .Ž . Ž . Ž .tr 1 q, u , . . . , u  1 and F q, u , . . . , u G q, u , . . . , u . So,˜ ˜ ˜ ˜ ˜1 m 1 1 m 1 1 m
F q , u , . . . , u G q , u , . . . , uŽ . Ž .1 1 m 1 1 m
Ž . Ž Ž ..and tr 1  1. One can prove 3.1 34 similarly.
Ž i. ŽŽ . Ž . Ž . Ž . Ž .. Ž .Let   0 , . . . , 0 , 1 , 0 , . . . , 0 . Via 3.11 ,
1 q ni u  u q n jj i
Ž i.W  .Ł n1 q u  uji , 1	j	m j i
Ž i. k kŽ . Ž . Ž Ž ..Now, 3.13 follows since  T  u see 2.9 .0 i
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